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Abstract

Multi-dimensional binary mappings for bit-interleaved coded modulations on ergodic multiple antenna channels with
iterative decoding are presented. After derivation of a closed form expression for the pairwise error probability under
ideal maximum likelihood decoding, the design criterion for mapping optimization is established from the maximum
likelihood performance of the ideally interleaved channel. It coincides with the figure of merit derived from the genie
condition when the iterative receiver converges to perfect a priori information. Multi-dimensional mapping constructions
that exhibit high signal to noise ratio gains without increasing the complexity of the a posteriori probability detection
are proposed. They allow for a reduced decoding complexity as they achieve near turbo code performance with a single

convolutional code.
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I. INTRODUCTION

The growing importance of iterative and probabilistic processing of information in communication systems during the
last decade has permitted to attain exceptional performance on different kinds of data transmission channels. Graph
codes for binary channels have been extensively analyzed [1][2][3][4] and bit-interleaved coded modulations (BICM) for
non-binary channels became a widely known standard technique for coded modulations with and without frequency

selectivity [5][6][7][8].

Under realistic conditions and without any mild theoretical constraint, the nature of such concatenated systems
does not allow us to derive closed-form expressions for the error rate versus the number of decoding iterations. In this
paper, we determine the exact pairwise error probability of BICM over multiple antenna channels by assuming an ideal
channel interleaver and a maximum likelihood (ML) decoder. Then, we present a tight upper bound on the ideal ML

performance of BICM for ergodic multiple antenna channels.

The binary mapping of a signal constellation is an old problem in communication theory. Mappings based on Gray
code [9] and Ungerboeck set partitioning [10] are among the most famous binary labelings for coded and uncoded
modulations. Multi-dimensional mapping has been extensively studied in the 80’s for coded constellations on bandwidth-
limited channels, as in [11] for the transmission of fractional bits, in [12][13][14] for trellis-coded multi-dimensional
modulations, and in [15] for lattice constellations. More recently, in a parallel work to ours, a multi-dimensional binary
mapping and a construction algorithm have been proposed for QPSK on single antenna fading channels [16]. Also,
multi-dimensional mappings for multiple antenna BPSK signaling have been described in [17] using a design criterion

which is a special case of our figure of merit (see (36) below).

In this paper, a figure of merit for the binary mapping is derived from the ideal ML performance on an ergodic
multiple antenna channel. A design criterion based on this figure is applied to the signal constellation to find good
mappings suited for space-time coding. Then, it is shown that the mapping figure of merit given by the ML performance
is equivalent to the one given by the closed-form expression of the genie performance, related to ideal iterative decoding.
The genie method has been previously applied to single antenna fading channels [18] and to multiple antenna channels

with mono-dimensional complex mappings [19].



Optimized mappings may be determined either by searching inside a randomly selected list or by applying the binary
switching algorithm (BSA) presented in [20][21]. Due to the intractability of the more optimal BSA for large labeling

sizes, the first method is used in high complexity systems.

In section II, the system model and notations are presented. In section III, the new tight asymptotic bound for
the BICM maximum likelihood performance is computed. It is then compared to genie closed-form performance at
the detector output in section IV. In section V, the multi-dimensional mappings are optimized using a figure of merit
derived from performance expressions. In section VI, the number of dimensions and the achievable mapping gain are
increased by the use of a linear precoder. The convergence behaviour of the optimized mappings is presented in section
VII, we show that elementary error-correcting codes (e.g., two-state convolutional code) should be used to achieve the
potential gain at relatively low signal to noise ratio (SNR). Finally in section VIII, theoretical results are checked by

Monte-Carlo simulations.

II. SYSTEM MODEL AND NOTATIONS

We consider the transmission of a data frame over an ergodic frequency non-selective Rayleigh fading channel with n;
transmit antennas and n,. receive antennas. The channel path connecting antenna i to antenna j during time period k
is modeled by a complex Gaussian distributed coefficient hy;j, with Elhg;;] =0, El|lhg;*] =1,i=1...n,j=1...n,
and k=1...T. A frame is transmitted over T time periods. Here, the symbol E[.] denotes mathematical expectation.
The multiple input multiple output (MIMO) channel coefficients hy;; are supposed to be statistically independent. As
usual, the MIMO channel at time k will be represented by its n; x n, matrix Hy = [hg;;]. Let H denote the set of channel
realizations observed during a frame transmission. As shown in Fig. 1, a binary convolutional encoder with k. inputs
and n. outputs, followed by a pseudo-random interleaver, generates a codeword c. The length of the convolutional code
trellis is L. branches. The codeword is mapped into n;-dimensional constellation symbols 2z, € Q C C™, k=1...T,
building a frame. In the sequel, the elements of  are called points. If quadrature amplitude modulation (QAM) is
used for digital transmission, then € is the Cartesian product (2™-QAM)™ i.e., the set of all points z; generated
by the QAM mapper with cardinality || = 2™". The notation Q will equally represent the multi-dimensional QAM

constellation and its binary labeling of length mn; bits per point. The channel input-output relation is

ye = 2 Hyi + i (1)



where y, € C", and 7 is a circularly symmetric complex Gaussian noise with zero mean and covariance matrix
2NoI,,..

An iterative joint detection and decoding receiver is based on the exchange of soft values between the soft-input
soft-output (SISO) multi-dimensional QAM-detector and the SISO convolutional decoder. The SISO detector computes
extrinsic probabilities £(c) via a classical sum product expression including the conditional likelihoods p(yg|z) and the
a priori probabilities 7(c;) fed back from the SISO decoder. The extrinsic probability corresponding to the ¢! coded

bit beeing set to 1 is

k=2 2
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The subset Q(c, = 1), for £ = 1...mn;, gathers all vectors z where the ¢'" bit is equal to 1. The SISO decoder

§(ce) = (2)

computes soft values (a posteriori and extrinsic probabilities) for the coded bits by applying the forward-backward
algorithm [23] on the trellis graph of the convolutional code. The information exchange between inputs and outputs of

the two received blocks is shown on Fig. 2.

III. CLOSED FORM EXPRESSION FOR THE PAIRWISE ERROR PROBABILITY UNDER IDEAL ML DECODING

A tight upper bound on the pairwise error probability of error-free decoding for a MIMO-BICM has been given in
[24]. Tt is based on an integral expression that can be evaluated by the Gauss-Chebyshev quadrature [6]. Here, we
establish a closed form expression for the exact pairwise error probability on ergodic MIMO channels under maximum
likelihood decoding of the BICM and ideal channel interleaving. The mapping design criterion is directly derived from
this pairwise error probability expression as shown later in section V. Furthermore, tight union bounds on both frame
and bit error rates (FER and BER) will be presented and used to validate the asymptotic signal to noise ratio gain

for optimized mappings.

Let C denote the error correcting code and Cg the set of Euclidean sequences obtained after applying the QAM
mapping 2 and the channel matrix set H to the binary codewords, i.e., Cg is the Euclidean code representing the
transmitted BICM and including the multiple antenna channel. Consider two codewords X (c) € Cg and X(¢') € Cg
with a Hamming distance w = dy(c,c¢’) between the convolutional codewords ¢ and ¢’. If we assume ideal channel
interleaving, then the w difference positions are spread in space and time over w distinct transmission periods. Clearly,

the conditional pairwise error probability Py ., (X (¢) — X (¢’)) only depends on those w positions. Hence, we will reduce



the notations of X(c) and X(¢’) to these w time periods. We introduce X = {x1,...,2,} and X' = {af,..., 2},

where the components z;, and zj, are points belonging to the set QHj.

Our aim in this section is to compute P, (¢ — ¢') = Ey [Px,w (¢ — ¢’)]. The conditional pairwise error probability
Py (¢ — ') is expressed as

Pre (¢ = ¢) = Pray (X = X') = P (&= Zizalin=anl/2N0 o= Eiy =i /200 (3)

For a given set of channel realizations H, a correct pairwise decision is taken by the ML decoder when the log-likelihood

ratio LLRy is positive:

_ e ko lve—erl®/2N0 S lye—ap ) —llye—wel® _ g
LLR = log (e* . Hyk—z;n%zvo) B e SR AL (4)
Pup(c—¢) = P(LLRy <0)=P (3 LLRyn, <0)
Thus,
0 0
P, (C — CI) = Fy [P(LLR'H < 0)] = Fy |:/ PLLRy (1’)d.’£:| = / pLLR(l')d.’K (5)

where prrg,, (x) is the probability density function of LLRy and prrr(x) = Ey [prir, ()] is the probability density
function of LLR = E3 [LLRy]. We will first express the characteristic function ¢ rg(jv) of LLR. Since the w random

variables LLRy, j7, are independent and the channel is ergodic, using LLRy = >, _; LLRy, i, , we have

Yror(jv) = Ex

H’(/}LLRk,Hk (JV)l = H"/)LLRk (jv) (6)
% K

where V1R, (jv) = En, |VLLR, 1, (jl/)] and YR, ,, (Jv) is the characteristic function of prrr, ,, (2).

Two points are involved in the expression of the partial log-likelihood ratio LLRy m,: ) = zxHy and z), = Zﬁ"’ Hy,
where Hj denotes an instance of the channel matrix set H at time period k. As ideal interleaving is assumed, the
point 2}, = Zi’“ is obtained by flipping the bit at position ¢ in the binary labeling of zj (1 < £ < mn;). The squared
2. The distance spectrum {dy} depends on the

Euclidean distance between z, and z% is denoted di = ||z — Zﬁ’“

modulation type, its size and its binary labeling. For a given 2"-QAM modulation, non-equivalent labelings lead to

non-identical bit error rate performances.

First, we compute the characteristic function of LLRy g, for a binary modulation (BSK) defined by two points



{z, Zf;"’} transmitted over a MIMO channel. The expression of LLRy, f, is:

1 2 1 *
LLRy.m, = 53 (Hyk = 2 H| = o - zkanz) = oy (2R + 20 (20 — =) Hin) ) (7)

ey,
Zp—Z2 . . .
Gr=27) n k )H 1. If a classical mono-dimensional

where * is the transpose conjugate and Ry, is the squared norm of the vector
mapping is used independently on each transmit antenna, the difference vector z —Ei’“ has only one non-null component
in the position given by |£;/m|. However, in order to stay in the general case of multi-dimensional mappings which will
be useful in the following, we do not take any assumption on vector z —Zﬁ’“. It can be shown that R (%H kn,’;) isa

—5k
Gr=27) d:k )H r includes n,. independent identically

Gaussian noise with zero mean and variance diRk /No. Moreover, since
distributed complex Gaussian random variables with zero mean and unit variance, then Ry has a Chi-square distribution

of order 2n,. First, notice that the random variable LLR;, g, is Gaussian distributed.

2 2
LLRyy, ~ N (dkRk dkRk>
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The characteristic function of LLRy, g, is

. - . vd2Ry , .
VLLRy 1, (jv)=F [eﬂ LLRy, k] = exp (5 ]JCVO (4 — V)) (9)

The mathematical expectation Eg, [.] over Ry is equivalent to the expectation over Hy. Thus,
VYior, (V) = Eg, [¢LLRk,Hk (JV)]

(B (@)

- (oo )

where
aldy) = 3(1+,/1+52) "
@y~ 30— )

Let D denote the set of all Euclidean distances obtained by flipping one bit in the constellation 2. Taking ng as the
number of different distances occuring in the sequence (dy,ds,...,d,), we define the set A = {01,...,0,,} C D from
the sequence (dy,ds,...,d,) € AY C DY | ie., the Euclidean distance dj, takes its values from the set A. It is clear
that ng = |A] < |D|. Let the integer \; denote the frequency of & in the sequence (di,da, ..., dy), > pey A = w and

A=Ay A,



Using (6), (10) and (11), the averaged characteristic function becomes

w

=

Yrrr(jv) <2N0 ju+a(dk))(ju+b(dk))>_ " (12)
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where the poles in the above product are defined by Br~o = a(dx), Br<o = b(d—k). To allow derivation of prg(x), we
now compute the partial fractions expansion of ¢ 1r(jv):
—n, ng Mk i
YrLr(j H (2N0> Z Z — (15)

k=1 ke—makzo =1 GV + Bk

The coeflicients ap ; in (15) can be exactly evaluated from the following identity (series expansion in e):

s i N e . "o (_l)icflr/\\k\“*l i nr e
D armoie +O(MN) = II (Br — Be)r i+ +O(e"™) (16)
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Where C = #’k)’

From the simple properties a(6;)—1/2 = 1/2—b(8y) and 1 Lr(jv—1/2) = ¥rLr(—1/2—jv), we have a_j ; = (—1) ;.

Hence, coefficients ay,; are only evaluated for k > 0. Expression (15) becomes

, B w __d]% —N, Ng Nk s (_1)i04k)i
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Finally, we get the probability density function of LLR by Fourier transform

1t ;
prer(z) = o Yror(jv)e " dv (18)
1 woo —N, Nd Nk '
= o H (2No) SN ki [Tz, aldr)) + (—1) Li(x, b(6))] (19)
k=1 k=1 i=1
and the function I;(x,a(dy)) is defined by
—_p)i-1
Ii(fﬂva(%)):( ) on sgn(a(dx))e* ™ H(—sgn(a(dr))x) (20)

1)

where sgn(z) is the sign function, and H(xz) = I,~¢ is the Heaviside step function.



The conditional pairwise error probability is P,(c — ¢) = f_ooo prrr(x)dz which yields the closed form expression

w —d2 —N, Mg NpAg o ;
Pue—=ran =11 (55¢) 22 oo @1

k=1 k=1
All sequences (dy, ..., d,) corresponding to the same (A, A) yield the same pairwise error probability.
We have expressed the pairwise error probability between two given codewords ¢ and ¢’ such that dp(c,¢’) = w and
the transmission of ¢ — ¢’ is characterized by (A, A). We now have to average this probability over all possible pairs

(c,c'). First, let us consider the averaged pairwise error probability P, conditioned on dg(c,c’) = w:
P, = c,c! lw [Pu(c— C/)] = Ec,c’\w [Puw (A, A)] (22)

Averaging over the pairs (c,¢’) is equivalent to averaging over (A, A) thanks to the interleaver. Each pair (A, A)
is representative of w!/ []1%; A;! equivalent pairs (Z, Z’), where the w-dimensional Z and Z’ vectors are the channel
inputs leading to X and X', respectively. As a pair (Z, Z’) corresponds to a high number of pairs (¢, ¢), the complexity

of a numerical evaluation is dramatically reduced in practice by performing expectation over the sets A and A:
Py = E{a ayjw [Pu(A, A)] (23)
The frame error rate at the decoder output FER? is upper bounded by the classical union bound
FER™ <E.| Y Plc—¢) (24)

c’'eC,c'#c

The input-output transfer function of the convolutional code C is

+oo  +oo too
T(1L,2)= > > anl'Z and T(2)=T(1,Z)= Y  awZ" (25)
w=dgmin 1 W=dHmin

where a; ., is the number of codewords with an output Hamming weight w and an input Hamming weight i. We can
now express the approximation of the maximum likelihood frame error rate and bit error rate of the ideally interleaved

BICM transmitted over a multiple antenna channnel:

+oo
FER®* < Z Py (26)
w=dHmin
where P, is given in (23). Equivalently, we have
00 J
dec
BER™ <Y~ ) oGP (27)

J w=dHmin



The union bound (UB) for convolutional codes is known to be tight on AWGN channels. Our experimental results

will show that the union bound provided by (23) and (26) is also tight on a MIMO ergodic channel.

IV. GENIE METHOD AND PERFORMANCE

Consider the iterative detection and decoding process of the BICM transmitted on the multiple antenna channel
as illustrated in Fig. 1 and 2. Assume that extrinsic information associated to such a process is converging toward
a limit. The best limit corresponds to the ideal situation where the extrinsic information is perfectly reliable, i.e,
m(eg) = ¢¢ € {0,1}. This is called the genie situation. We will apply (21) to compute the genie performance at the
output of the detector. Since only one time period is considered, the temporal subscripts & will be omitted in the

following. The expression of the detector soft value, when the a priori is fed back by a genie, is easily obtained from

(2):
o~ lly—=H?/2No
e—lly—=H|?/2No | o—lly—="H[?/2No

£(ce) = (28)

where z¢ is produced by flipping the ¢* bit in the binary labeling of z. We are interested in evaluating the error
probability BER%! at the detector output when the genie is active. This error probability is directly related to the

decision making on £(¢;). By conditioning on the channel state H and the transmitted QAM vector z, we can write
BER", = E¢ [P (|€(ce) — ¢| = 0.5)] (29)

The symbol Ey[.] denotes the mathematical expectation over the position ¢ of the coded bit. Then, using (28) and (29),

we can express BER! as a function of the distance d = d(z, ), averaged over H, z and ¢:

BER®! = Eyy ., [Pr(z — 54)] =FE..[® (d(zje))] (30)

B

where ® (d(z,él) = Eqn [PH(Z — 25)}. We can remark that the performance under genie condition at the detector
output, or equivalently at the decoder input, is the average probability of the |Q|mn; equivalent BSKs with distance
d(z,z%) on a ny; x n, MIMO channel. We can directly compute the pairwise error probability from (21) choosing

ng=w =1, dy =6 =d, \; =1. Finally, we just have to identify the coefficients o ; from

ne—1 n,e—1 el
Y fmciiom =Y D Cnvit +0(1) (31)
— enr—i — (ﬂ—l _ 61)7”—0—157%—1
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using —(16_1 = %, we can write the closed form expression of ® (d):
d2 —nyp np—1 Ck X n,e—1 ﬁl k ﬁ . Ny
w0 () E e B (20) (22) @
0= ) Zaoeee 5% Gn) ) @
1— —L " -1 1+ —— F
1+8Ny/d? S 1+8N0/d2
S > LY e (33)

which is the result presented in [25, chap. 14].
Finally, the error probability at the detector output is given by
mng
BER® = E,, [® (d(z,7))] = — | | > @ (d(z,2Y) = Eqpy [® (d)] (34)
t

zeQ 1=1

V. MULTI-DIMENSIONAL MAPPING OPTIMIZATION

We have presented an approximation of the BICM performance with ideal interleaving and ML decoding. This
approximation is a function of the signal to noise ratio, the number of receive antennas and the error-correcting code.
Moreover, it mainly depends on the set of distances D given by the binary mapping bit flipping and does not rely on
the constellation shape itself. This allows to evaluate the performance of any constellation, even the most unstructured.
The performance computation has been processed in the general case of n;-dimensional distances d.

We will first calculate the figure of merit to be optimized for a given n;-dimensional modulation € thanks to its
associated distance set D. Then we will apply such an optimization to the classical QAMs and introduce the multi-

dimensional mapping concept.

A. Mapping figure of merit

Let us first extract the asymptotic coding gain from the genie performance at the detector output. The asymptotic

expression of BERY when Ny — 0 is

(2No)"~

BER™ ~ C3r |~ (35)
56
where the figure of merit F&* can be computed via [19]
1 mng
= E(py [d7*"] = 36
S'det {D} [ mnt|Q| %; d(z, ZIZ 2n,. (36)

This figure of merit is equal to the one presented in [18] for n; = n, = 1. The asymptotic expression of BER®* when

di:[ (2 Ny ) _] (37)

No—)OiS

dec n,-dpg
BERN, o = E n L G dmin Cor e 1 EtDy
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Indeed, the error events with Hamming weight greater than dg.,;, have higher diversity and negligible contribution to
the performance for high signal to noise ratios. The distances in the sequence (d1,...,dqy,,;,) are independent random
variables thanks to the ideal interleaver. The coding gain is a function of the mapping figure of the merit 3?{‘3

dHmin

—2n,.
dk
k=1

1
zdec = Pip}

3o = (Bepy [a72]) ™ (38)

which leads to F& = (S?)et)de’i". We notice that optimizing the mapping by maximizing the figure of merit derived
from the ML decoding criterion is equivalent to maximizing the figure of merit given by the genie method at the
detector output. We can compute the asymptotic gain of labeling 25 with respect to labeling €27 as follows:
Gaingpg ~ i1010g10 (%) (39)
iy 8o,
The asymptotic gain only depends on the distance distribution of the equivalent BSKs. We can for example compare

two QAM mappings together or a QAM mapping with a PSK mapping.

B. Multi-dimensional labelings

When we consider classical mono-dimensional complex labelings, the asymptotic gain optimization is limited by
the m x n; distances of mono-dimensional complex vectors. Clearly, vectors with more dimensions will lead to higher
asymptotic gains. Let us define 7,4, as the number of antennas linked by the labeling.

When performing APP detection, the soft output is computed taking the whole set of transmitted vectors into
account. Thus, there is no complexity increase by using a multi-dimensional mapping instead of a mono-dimensional
mapping. However, a larger amount of memory is necessary to store the multi-dimensional labelings. When the spectral
efficiency is too high, e.g., 4 x 4 MIMO with 16-QAM input, the exhaustive detector is intractable, and a near-optimum
APP detector such as SISO sphere decoder can be used [26]. When using sub-optimum APP detectors such as SISO-
MMSE [27], the multiple antenna channel is considered as n; interfering 1 x n, SIMO channels, and an exhaustive
APP detector is processed on each sub-channel input. In this case, the multi-dimensional mappings cannot be used.
The ny x n, MIMO channel can be viewed as npqr¢ Sub-channels equivalent to n¢/npere X n, MIMO channels. We
can use a multi-dimensional mapping with n,,4p < Npert, compute an exhaustive detector on each sub-channel and a

sub-optimum low complexity detector to separate the 7,4+ sub-channels.
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C. Mapping optimization

The BICM performance depends on the set of BSK modulations associated to the mapping. For example, the Gray
mapping and its associated BSKs are represented in Fig. 3-a. The function ®(d?) defined in (33) is a decreasing
function of d?, this induces that maximizing the BSK distances improves the constellation mapping. Asymptotically,
the mapping figure of merit is F&* defined in (36). For example, the genie performance of 16-QAM with Gray labeling
and minimal Euclidean distance 2.0 is

24

BERY! (4) + 552(36) (40)

Gray — 39

The genie performance closed-form expression on MIMO n; x n,. channels and the asymptotic gain expression (39) are
very useful when designing binary mappings because of the search procedure low complexity. We choose the mapping
at random or using an optimization algorithm such as the BSA [20][21]. A mapping is optimized for two parameters:
Ny and Nynqp. Indeed, for a given labeling, the asymptotic gain is the same for all n;. We can numerically determine the
asymptotic gain probability distribution of a randomly selected binary mapping, taking the Gray mapping as reference.
On Fig. 4, for a 16-QAM constellation, we see the asymptotic gain distribution when n, = 1,2,4 and nyqp, = 1,2, 4.
We also listed in Table I the mean, variance and maximum value of the asymptotic gain found by our search procedure.
We randomly selected a large number of 2-QAM mappings, the search is not exhaustive. In the case of n,, = 1 and
Nmap = 1, the best mapping we found exhibits an asymptotic gain of 7.1 dB. When increasing the mapping number
of dimensions (nmqp > 1), it is possible to increase the Euclidean distances of the embedded BSKs. This explains why

the statistical mean of asymptotic gain improves for n,,q, > 1.

We applied such optimizations to other spectral efficiency values and mapping number of dimensions, the best gains
we found with BSA are presented in Table II for 2™-QAM constellations. In the case of n, = 1 and ny,qep, = 1, the
best mapping found by the BSA exhibits an asymptotic gain of 7.23 dB. This mapping is represented on Fig. 3-b.
Unfortunately, the BSA algorithm complexity grows strongly with the global spectral efficiency of the system, that is

why we are limited to mn,,qp < 10. For m = 1 with BSA algorithm, we find the same labelings as constructed in [16][17].

The number of receive antennas n, has an impact on the figure of merit. Thus, for a same mapping number of
dimensions n,qp, different values of n, will lead to different optimized mappings. As an example, when n, tends to

infinity, the minimum distance in D will be dominant in the figure of merit expression, as on an AWGN channel, unlike
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smaller n, values.

VI. INCREASING THE NUMBER OF DIMENSIONS WITH SPACE TIME PRECODING

Linear precoding can be used to increase the diversity of systems with a small number of antennas. The symbols of
s time periods are grouped together and spread over the transmit antennas and time periods without decreasing the
system rate. The linear precoder’s matrix S has sn; rows and columns, where s is called the spreading factor of the
linear precoder. A BICM on an ergodic multiple antenna channel exhibits a diversity equal to dg 1. We can increase
the observed diversity to sdgminn, using a sn; X sn; complex linear precoder. For example we may use cyclotomic
rotations [28][19][29]. If the linear precoder satisfies the norm conditions presented in [19] on an ergodic channel and
under a genie condition, maximum precoding gain is obtained and the channel may be seen as a 1 x sn,. SIMO channel.
Multi-dimensional mappings designed for sn, receive antennas may be used without any adaptation. The detection is
processed over s time periods. We can use at most a sn;-dimensional mapping. As shown in section VIII, if s > 1, we

succeed in enhancing the coding gain via a mapping dimension increase at the cost of detector complexity increase.

VII. CONVERGENCE BEHAVIOUR

We have designed multi-dimensional mappings having large potential gains. Unfortunately, we cannot use such good
mappings with a powerful error-correcting code because of convergence problems. Many studies have been made on
BICM convergence using exit charts [30] or transfer functions. Most of them conclude that the better the gain at the last
iteration, the worst at the first iteration. When considering a joint detection and decoding, the convergence is perfect if
the bit error rate at the SISO decoder input in the first iteration is under a given threshold, which corresponds to a SNR,
value, commonly called waterfall point. The threshold depends on the error-correcting code, and in general, the better
the code, the lower the threshold. If the signal to noise ratio is higher than the waterfall point, the system converges
to an asymptote after a number of iterations decreasing with the noise level. At very high signal to noise ratio, the
mapping gain with respect to Gray mapping is always observed at the output of the error-correcting code. For different
mappings, the asymptotes are parallel, their slope is equal to the collected diversity lead by the minimum Hamming
distance of the code, the number of receive antennas and the linear precoding factor. If we are interested in a target bit
error rate equal to 107°, we have to find a good compromise between the waterfall and the error floor, as in all iterative
processes. In the best case, performance converges to the asymptote exactly at the target error rate. This explains why,
when using mappings with high gains, we have to use "bad” error-correcting codes to ensure a good convergence. We

illustrate this point on Fig. 5 which represents transfer functions (SNRZ! SNRZ!) of the detector using a Gaussian
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approximation with error probability matching [31] and different mappings. The transfer functions (SNR{¢¢, SNR<¢)
of different convolutional codes are also drawn. The transfer functions of recursive systematic convolutional codes show
us that the better the code, the higher the slopes. The transfer function of the detector of a 2 x 2 MIMO channel
with SNR = 4.0 dB with QPSK input is also represented with different mappings. The higher the asymptotic gain, the
higher the right asymptote, but the lower the left asymptote. We deduce the convergence point searching for the fixed
point beginning from the bottom left of the graph. For a given signal to noise ratio, when using multi-dimensional
mappings with high asymptotic gain, we should use "bad” error-correcting codes in order to achieve a fixed point close

to the right asymptotic value of the detector transfer function. This is equivalent to a perfect convergence to the limit

obtained by the genie method.

VIII. SIMULATION RESULTS

We present some simulation results illustrating the signal to noise ratio gains produced by multi-dimensional labeling
under iterative joint detection and decoding. When considering convolutional codes, an exhaustive APP detector
computes the soft values delivered to a single SISO decoder: one iteration includes one detection and one forward-
backward processing on the convolutional code trellis [23]. When a turbo code is used, one iteration at the receiver
side includes one detection, one forward-backward processing on the first convolutional constituent code followed by
one forward-backward processing on the second constituent code. A more precise study of the scheduling as in [22] is

out of the scope of this paper.

First, Fig. 6 illustrates the error rate of a two-state (3,2)g recursive systematic convolutional code (RSC) on a 2 x 2
MIMO channel with 16-QAM modulation. All situations presented in Fig. 6 correspond to npqp = 1. Gray mapping
is compared to optimized mapping. The latter shows more than 7.4 dB gain with respect to Gray mapping. The three
graphs in Fig. 6 show how the simulated error rate quickly converges to the ideal ML bound. The left graph depicts
the bit error rate at the decoder output, the middle graph depicts the frame error rate at the decoder output and the

right graph depicts the bit error rate at the MIMO detector output.

. . -5 . . .
We now consider a target bit error rate equal to 107°, usually taken as a reference for wireless data transmissions.

The bounds are not drawn anymore.

A convolutional code cascaded with multi-dimensional mappings is compared to a turbo code in Fig. 7. The channel is
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2 x 2 MIMO ergodic with QPSK input. A two-state (3,2)s non recursive non systematic convolutional code (NRNSC)
is combined to mono-dimensional, bi-dimensional and four-dimensional mappings. A parallel turbo code based on
an RSC (7,5)s is cascaded with Gray mapping. Optimized mappings degrade the performance of the turbo code at
the first iteration which entails a dramatic signal to noise ratio loss in the waterfall region. Fig. 7 shows that a (3,2)s
convolutional code with four-dimensional mapping (nmqp = 4 = sn; = 2x2) thanks to the linear precoder [19] performs
within 0.5 dB from a rate-1/2 Gray mapped turbo code. The price to pay is the increased detection complexity of
the time spreaded (s = 2) four-dimensional constellation. The optimized mapping with 7,4, = 2 and without linear

precoding exhibits excellent error rates above 1073,

On Fig. 8, we present some simulation results on a 4 x4 ergodic MIMO channel with QPSK input and NRNSC (3, 2)s.
We used mono-, bi- and four-dimensional optimized mappings. We observe that the 0.69 dB (respectively 4.98 dB)
expected gain between Gray and mono-dimensional (respectively bi-dimensional) optimized mappings is achieved.
When the four-dimensional mapping simulation converges, the asymptote performs lower than 107°, this is why we
measure slightly less than the 7.26 dB expected gain at this BER value. In the latter configuration, the optimal case
when the simulation converges to the asymptote exactly at the target BER 107° is almost achieved. Finally, the system
performs as well as the more complex system including turbo code, without increasing the complexity of the detection
process. Indeed, in both cases, 20 iterations between the detector and decoder are necessary to achieve the convergence
limit and, in each receiver iteration, the turbo decoding is four times more complex than the 2-state convolutional code

decoding.

On Fig. 9, we present some simulation results on a 2 x 2 ergodic MIMO channel with 16-QAM input. When the BER
is 107?, the gain with a mono-dimensional mapping is 7 dB. With a bi-dimensional mapping we achieve 9.1 dB, which
is less than the asymptotic 11.12 dB gain because convergence is not reached at 107°. With high spectral efficiency
modulation and a simple NRNSC (3,2)s, we achieve performance within 0.5 dB from the turbo code performance with

RSC (7,5)s constituent codes even on the 2 x 2 ergodic MIMO channel.

IX. CONCLUSIONS

The mapping optimization topic has been extensively discussed for BICM on single antenna channels. In this paper,
we have presented an extension of this optimization to multi-dimensional mappings.

We have first presented an exact expression of the pairwise error probability for a BICM over a MIMO channel with



16

the ideal interleaving assumption. The pairwise error probability is useful to evaluate the BER and FER via a union

bound and draw an approximation of the ideal ML performance for moderate and high SNRs. A tangential sphere

bound could also be derived to tighten the bound for low SNRs. The union bound has been applied in this paper in the

context of mapping optimization. Other straightforward applications of the presented closed form performance could

be rotated QAMs or space-time coding. For mapping design, we derived from the union bound a figure of merit and

showed that it was equivalent to the one obtained with the more intuitive genie method.

In the case of high spectral efficiency modulations or a large number of transmit antennas, we achieve very high

mapping gains and perform close to turbo codes with a single convolutional code, without increasing the optimum or

near-optimum APP detector’s complexity.
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Mean | Variance | Max gain Max gain
(dB) (dB)
at random | with BSA alg
Ny =1, Nypap =1 | 3.15 0.35 7.10 7.23
Ny =2, Nypap =1 | 2.40 0.29 7.27 7.42
Ny =4, Vpap =1 | 1.43 0.13 7.15 7.36
Ny =1, Nypap =2 | 6.75 0.02 7.48 10.68
Ny =2, Nypap =2 | 5.6 0.04 6.80 11.12
Ny =4, Nypap =2 | 3.59 0.04 5.01 10.98
Ny =1, Nypap =4 | 10.97 0.01 10.99 /
Ny = 2, Nypap = 4 | 10.67 0.01 10.71 /
Ny =4, Nypap =4 | 833 0.02 8.57 /
TABLE 1
STATISTICS OF 16-QAM OPTIMIZED MAPPINGS
m=1|m=2|m=4| m==6
Ny =1, Nypap = 1 0.00 1.25 7.23 12.62
Ny =1, Nypap = 2 1.25 5.05 10.68 /
Ny =1, Nypap =3 | 3.55 6.52 / /
ne =1, Npap =4 | 5.05 / / /
Ny = 2, Nymap = 1 0.00 1.02 7.42 12.97
Ny = 2, Npap = 2 1.02 5.02 11.12 /
Ny =2, Nap =3 | 3.46 6.24 / /
Ny =2, Nap =4 | 5.02 / / /
Ny =4, Nmap = 1 0.00 0.69 7.36 12.81
Ny =4, Npap = 2 0.69 4.98 10.98 /
Ny =4, Nypap =3 | 3.35 6.16 / /
Ny =4, Npap =4 | 4.98 7.26 / /
TABLE II

BEST FOUND ASYMPTOTIC GAINS (IN DB) WITH RESPECT TO GRAY MAPPING FOR 2""-QAM CONSTELLATIONS AND Tnqp DIMENSIONS
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